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CLUSTER REALIZATION OF WEYL GROUPS AND q-CHARACTERS
OF QUANTUM AFFINE ALGEBRAS
REI INOUE
Abstract. We consider an infinite quiver Q(g) and a family of periodic quivers Qm(g)
for a finite dimensional simple Lie algebra g andm ∈ Z>1. We construct the Weyl group
W (g) as a subgroup of the cluster modular group for Qm(g), in a similar way as [IIO19],
and study its applications to the q-characters for finite dimensional representations of
quantum non-twisted affine algebras Uq(gˆ) [FR99], and to the lattice g-Toda field theory
[IH00]. In particular, when q is a root of unity, we prove that the q-character is invariant
under the Weyl group action. We also show that the A-variables for Q(g) correspond
to the τ -function for the lattice g-Toda field equation.
1. Introduction
The cluster algebra was introduced around 2000 by Fomin and Zelevinsky [FZ02]. The
heart of the algebra is algebraic operations calledmutations of seeds, where a seed consists
of a quiver (or a skew-symmetric matrix) and two tuples of variables (A-variables and
X-variables). This algebra has been variously applied in mathematics and mathematical
physics. One idea is to find an interesting sequence of mutations which preserves a
given quiver Q, from which we define a rational map for the A- and X-variables. Such
sequences of mutations constitute a group called the cluster modular group ΓQ. For
example, the Laurent property of the Somos-4 sequence [FZ01], the periodicity of the
T -system and Y -system associated with the finite dimensional Lie algebra [FZ03, K10,
IIKNS10, IIKKN13] were proved by formulating the system with some quivers.
In [IIO19], for a symmetrizable Kac-Moody Lie algebra we constructed a family of
periodic (weighted) quivers, and introduce the realization of the Weyl group as a sub-
group of the cluster modular group. When the Lie algebra is classical finite type, this
has application in higher Teichmu¨ller space introduced by Fock and Goncharov [FG03].
We showed that the h-periodic quiver is mutation equivalent to the quiver which gives
the cluster structure for the higher Teichmu¨ller space of once punctured disk with two
marked points on the boundary, where h is the Coxeter number of the Lie algebra. Based
on a result by Goncharov and Shen in the case of Aℓ [GS16], we further proved that the
Weyl group action coincides with the geomtric one defined in [GS16] in the other classical
cases.
In this paper, for a finite dimensional Lie algebra g we introduce another family of
quivers with the Weyl group realization, and study its applications. Let ℓ be the rank of
g, and set S = {1, 2, . . . , ℓ}. We consider an infinite quiver Q(g) and its periodic version
Qm(g) for m ∈ Z>1. The infinite quiver Q(g) is essentially same as what appeared in
[HL16] where its semi-infinite version was used to study the cluster algebraic structure
of the q-characters of Kirillov-Reshetikhin modules for non-twisted quantum affine Lie
algebra Uq(gˆ). For the periodic quiver Qm(g), we construct sequences of mutations Ri for
i ∈ S (Theorem 3.3), which generate the Weyl group W (g) as a subgroup of the cluster
modular group ΓQm(g) (Theorem 3.7). In fact, when g is of simply-laced Dynkin types as
Aℓ, Dℓ and E6,7,8, this Weyl group realization is same as what studied in [ILP16, IIO19],
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whereas when g is of non-simply-laced Dynkin type as Bℓ, Cℓ, F4 and G2, this gives a
different cluster realization of W (g). As same as in [IIO19], we show that each Ri is a
green sequence, and that the longest element in W (g) gives the maximal green sequence
(Theorem 3.7) in a sense of Keller [K11].
Further we present two applications of the quivers and the Weyl group realization:
the first one is to the q-characters for finite dimensional representations of quantum non-
twisted affine algebras Uq(gˆ) introduced by Frenkel and Reshetikhin [FR98, FR99]. The
q-character χq is a ring homomorphism:
χq : RepUq(gˆ)→ Y := Z[Y
±1
i,ai
]i∈S,ai∈C×,
and the image of χq is known to be⋂
i∈S
(
Z[Y ±1j,a ]j 6=i,a∈C× ⊗ Z[Yi,b(1 + A
−1
i,bqi
)]b∈C×
)
,
where the Ai,bqi are Laurent monomials in the Yj,a. (See §4.1 for the precise definitions.)
For each a ∈ C×/qZ we define a Poisson map from the variables Ai,aqi to the X-variables
for Q(g) (Proposition 4.11). The case that q is a root of unity naturally corresponds
to the quiver Qm(g). We extend the action of W (g) on the X-variables to that on the
variables Yi,aqi (Theorem 4.12), and prove that the q-character is invariant under the
W (g)-action (Proposition 4.13). When q is generic, the W (g)-action is not well-defined,
but we have an analog of Ri which preserves the q-character (Proposition 4.14). The
second application is to the lattice g-Toda field theory introduced in [IH00]. We show
that the τ -function for the lattice g-Toda field equation studied in [IH00] is nothing
but the A-variables for the infinite quiver Q(g). The two applications should be closely
related, since the image of χq coincides with the intersection of the kernels of the screening
operators for the q-deformed W-algebras [FR99] (also see the last part of §4.1).
This paper is organized as follows. In §2, we briefly introduce the basic definitions in
cluster algebras we use in this paper. We also fix the notations in Lie algebras and Weyl
groups. In §3 we introduce the infinite quiver Q(g) and the periodic one Qm(g), and
study the realization of the Weyl group W (g) as a subgroup of ΓQm(g). A remark on the
case of non-twisted affine Lie algebra gˆ is presented. In §4 and §5, we present the two
applications of what constructed in §3.
Acknowledgement. The author thanks Ryo Fujita, Tsukasa Ishibashi and Hironori
Oya for valuable comments and discussions. The author is supported by JSPS KAK-
ENHI Grant Number 16H03927, 18KK0071 and 19K03440.
2. Notation and Definitions
2.1. Seed mutation. Let I be a finite set or a countably infinite set, and ε = (εij)i,j∈I
be an integral skew-symmetric matrix. When I is infinite, we assume that for each i ∈ I
the number of j ∈ I such that εij 6= 0 is finite. The matrix ε is called the exchange
matrix. The quiver Q corresponding to (I, ε) is with the vertex set I, and it holds that
εij := #{arrows from i to j} −#{arrows from j to i}.
Let F be a field isomorphic to the field of rational functions over C in |I| independent
variables. We recall the definition of the seed mutation by Fomin and Zelevinsky [FZ07]
with the convention in [FG06]. Let X = (Xi)i∈I and A = (Ai)i∈I be two tuples of
algebraically independent elements in the field F . The tuple (Q,X,A) is called a seed,
and the pair (Q,A) (resp. (Q,X)) is called an A-seed (resp. an X-seed). For k ∈ I, the
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mutation µk of the seed µk(ε,X,A) = (ε
′,X′,A′) is given by
ε′ij =
−εij i = k or j = k,εij + |εik|εkj + εik|εkj|
2
otherwise,
(2.1)
X ′i =
{
X−1k i = k,
Xi(1 +X
−sgn(εik)
k )
−εik i 6= k,
(2.2)
A′i =

A−1k
 ∏
j:εkj>0
A
εkj
j +
∏
j:εkj<0
A
−εkj
j
 i = k,
Ai i 6= k.
(2.3)
It is easily checked that the obtained tuple (ε′,X′,A′) is again a seed.
Poisson structure. For a seed (ε,A,X), let C(X) and C(A) be the rational functional
fields generated by the X-variables and the A-variables respectively. There is a log-
canonical Poisson structure on C(X) and a closed two-form on C(A) compatible with
seed mutation [GSV03], expressed as
{Xi, Xj} = εijXiXj, ΩA =
∑
i,j∈I
εij
dAi
Ai
∧
dAj
Aj
. (2.4)
When the exchange matrix ε is non-degenerate, the form ΩA is a symplectic form.
Cluster modular group. For a given quiver Q, a mutation sequence is a sequence of
mutations associated with Q and permutations of the vertex set I. A mutation sequence
is trivial if it preserves the seed. The cluster modular group ΓQ is a group generated by
mutation sequences which preserve Q, modulo trivial ones.
Tropical X-variables. Let P = Ptrop(u1, u2, . . . , up) := {
∏p
i=1 u
ai
i ; ai ∈ Z} be the
tropical semifield of rank p, equipped with the addition ⊕ and multiplication · as
p∏
i=1
uaii ⊕
p∏
i=1
ubii =
p∏
i=1
u
min(ai,bi)
i ,
p∏
i=1
uaii ·
p∏
i=1
ubii =
p∏
i=1
uai+bii .
For an element x =
∏p
i=1 u
ai
i ∈ P, we define the tropical sign; x is positive (resp. negative)
if ai ≥ 0 (resp. ai ≤ 0) for all i = 1, . . . , p. We write x > 0 (resp. x < 0), when x is
positive (resp. negative).
For a tropical X-seed (Q,x); x ∈ P|I| and k ∈ I, the mutation µk(Q,x) = (Q
′,x′) is
given by (2.1) and
x′i =
{
x−1k i = k,
xi · (1⊕ x
−sgn(εik)
k )
−εik i 6= k.
(2.5)
The followings are fundamental theorems which respectively state the sign coherence
of tropical X-variables and the periodicity of seeds. For a quiver Q with a vertex set I,
let P = Ptrop(u) be a tropical semifield of rank |I|.
Theorem 2.1 ([FZ07, GHKK14]). For any mutation sequence ν which mutates a tropical
X-seed (Q,u) into (Q′, (xi)i∈I), it holds that each xi ∈ P is negative or positive.
Theorem 2.2 ([IIKKN13]). For a seed (Q,X,A), a tropical X-seed (Q,u) and a mu-
tation sequence ν, the followings are equivalent:
(i) ν(Q,X,A) = (Q,X,A), (ii) ν(Q,u) = (Q,u).
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For a quiver Q of a vertex set I, we define a set XQ(P) := {x = (xi)i∈I ∈ P
|I|} where
the cluster modular group ΓQ acts. We write X
+
Q (P) (resp. X
−
Q (P)) for the subset of
XQ(P), where the tropical sign of all xi of x is positive (resp. negative).
Green and Maximal green sequences. For a quiver Q, we again consider the tropical
semifield P = Ptrop(u) of rank |I|. We say that a sequence i = (i1, i2, . . . , iN ) in I is green,
if in the sequence of seeds
(Q[0],x[0]) := (Q,u)
µi17−→ (Q[1],x[1])
µi27−→ (Q[2],x[2])
µi37−→ · · ·
µiN7−→ (Q[N ],x[N ]),
it holds that x[k]ik+1 > 0 for k = 0, 1, . . . , N − 1. We say that the sequence i is maximal
green if i is green and x[N ] ∈ X−Q (P). These notions are essentially the same as the
original ones in [K11].
2.2. Lie algebras and Weyl groups. Let g be a finite-dimensional simple Lie algebra
of rank ℓ and over C. Define its rank set S = {1, 2, . . . , ℓ}. Let h be the Cartan subalgebra
of g. For i ∈ S, we write αi for the ith simple root, and ωi for the ith fundamental weight.
The Cartan matrix C = (Cij)i,j∈S is given by
Cij = 2
(αi , αj)
(αi , αi)
,
where ( , ) is an inner product. We define
di =
1
2
(αi , αi),
and a diagonal matrix D = diag(d1, · · · , dℓ). we write d and d
′ for the minimum and
maximal value of di; d = min{di; i ∈ S} and d
′ = max{di; i ∈ S}. See Figure 1 for the
definition of Dynkin diagrams in this paper. We define a symmetrized Cartan matrix
B = (Bij)1≤i,j≤l by
B = DC. (2.6)
We note that the matrixD becomes an identity matrix when g has a simply-laced Dynkin
diagram.
The Weyl group W (g) associated with g is group of the following presentation:
W (g) = 〈ri; i ∈ S | (rirj)
mij = 1 (i.j ∈ S)〉.
Here (mij)i,j∈S is a symmetric matrix satisfying mii = 1 for all i ∈ S, and
CijCji : 0 1 2 3 ≥ 4
mij : 2 3 4 6 ∞
for i 6= j. Note that the case that CijCji ≥ 4 does not appear when g is finite.
3. Cluster realization of Weyl groups
3.1. The infinite quiver Q(g). For each g we define an infinite quiver Q(g) of a vertex
set I = {vin; i ∈ S, n ∈ dZ}.
The case of Aℓ, Dℓ, E6,7,8. For g of simply-laced Dynkin diagram, i.e., D = Iℓ, we set a
Dynkin quiver C(g) as Figure 2, and write ε = (εij)i,j∈S for the corresponding exchange
matrix. We define an infinite quiver Q(g) of a vertex set I = {vin; i ∈ S, n ∈ Z} in the
following way:
• we have an arrow vin → v
i
n+1,
• if εij = 1, we have an arrow v
i
n → v
j
n and an arrow v
j
n+1 → v
i
n.
See Figure 3 for the quiver Q(Aℓ).
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Aℓ :
1 2 3 ℓ− 1 ℓ. . .
Bℓ :
1 2 3 ℓ− 1 ℓ. . . >
Cℓ :
1 2 3 ℓ− 1 ℓ. . . <
Dℓ≥4 :
1 2 3 ℓ− 2 ℓ− 1
ℓ
. . .
Eℓ=6,7,8 :
1 2 3 5 ℓ− 1 ℓ
4
. . .
F4 :
1 2 3 4
> G2 :
1 2
<
Figure 1. Dynkin diagrams for g
Aℓ :
1 2 3 ℓ− 1 ℓ. . .
Ds≥4 :
1 2 3 ℓ− 2 ℓ− 1
ℓ
. . .
Es=6,7,8 :
1 2 3 5 ℓ− 1 ℓ
4
. . .
Figure 2. Dynkin quivers C(g) for g = Aℓ, Dℓ and E6,7,8
In the case of Bℓ. We have D = (1, . . . , 1︸ ︷︷ ︸
ℓ−1
, 1
2
), thus d = 1
2
. We define Q(Bℓ) of a vertex
set I = {vin; i ∈ S, n ∈ Z/2} in the following way:
• prepare two copies of Q(Aℓ−1), where the vertex set of the first and second copies
are respectively I1 = {v
i
n; i ∈ S \{ℓ}, n ∈ Z} and I2 = {v
i
n; i ∈ S \{ℓ}, n ∈ Z+
1
2
},
and also prepare vertices vℓn for n ∈ Z/2,
• we have an arrow vℓn → v
ℓ
n+ 1
2
, for n ∈ Z/2,
• we have an arrow vℓn → v
ℓ−1
n− 1
2
and an arrow vℓ−1
n+ 1
2
→ vℓn, for n ∈ Z/2.
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...
...
...
...v1n−1 v
2
n−1 · · · v
ℓ
n−1
v1n v
2
n · · · v
ℓ
n
v1n+1 v
2
n+1 · · · v
ℓ
n+1
...
...
...
...
Figure 3. The quiver Q(Aℓ).
See Figure 4 for the quiver Q(B4).
...
...
...
...v1n−1 v
2
n−1 v
3
n−1
v4n−1
v1n v
2
n v
3
n
v4n
v1n+1 v
2
n+1 v
3
n+1
v4n+1...
...
...
...
...
...
v4
n− 1
2
v3
n− 1
2
v2
n− 1
2
v1
n− 1
2
v4
n+ 1
2
v3
n+ 1
2
v2
n+ 1
2
vs
n+ 1
2
v4
n+ 3
2
v3
n+ 3
2
v2
n+ 3
2
v1
n+ 3
2
...
...
...
...
Figure 4. The quiver Q(B4).
The case of Cℓ. We have D = (1, . . . , 1︸ ︷︷ ︸
ℓ−1
, 2), thus d = 1. We define Q(Cℓ) of a vertex set
I = {vin; i ∈ S, n ∈ Z} in the following way:
• prepare the quiver Q(Aℓ−1) and vertices v
ℓ
n for n ∈ Z,
• we have an arrow vℓn → v
ℓ
n+2, for n ∈ Z,
• we have an arrow vℓn → v
ℓ−1
n and an arrow v
ℓ−1
n+2 → v
ℓ
n, for n ∈ Z.
See Figure 5 for the quiver Q(C4).
The case of F4. We have D = (1, 1,
1
2
, 1
2
), thus d = 1
2
. We define Q(F4) of a vertex set
I = {vin; i ∈ S, n ∈ Z/2} in the following way:
• prepare a copy of Q(B3), and vertices v
4
n for n ∈ Z/2,
• we have an arrow v4n → v
4
n+ 1
2
, for n ∈ Z/2,
• we have an arrow v4n → v
3
n and an arrow v
3
n+ 1
2
→ v4n, for n ∈ Z/2.
See Figure 6 for the quiver Q(F4).
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...
...
...
...
...
v4n−2
v1n−1 v
2
n−1 v
3
n−1
v4n−1
v1n v
2
n v
3
n
v4n
v1n+1 v
2
n+1 v
3
n+1
v4n+1
v1n+2 v
2
n+2 v
3
n+2
v4n+2
v1n+3 v
2
n+3 v
3
n+3
v4n+3
v4n+4
v3n+4
...
...
...
...
...
Figure 5. The quiver Q(C4). Arrows among the v
3
n and v
4
n are color-coded.
The case of G2. We have D = (1, 3), thus d = 1. A quiver Q(G2) of a vertex set
I = {vin; i ∈ S, n ∈ Z} is defined in the following way:
• we have arrows v1n → v
1
n+1 and v
2
n → v
2
n+3, for n ∈ Z,
• we have an arrow v2n → v
1
n and an arrow v
1
n+3 → v
2
n, for n ∈ Z.
See Figure 7 for the quiver Q(G2).
Remark 3.1. The same infinite quivers Q(g) appear in [HL16]. They use its semi-infinite
subquiver to study the cluster structure of the q-character of Kirillov-Reshetikhin mod-
ules. For g = Aℓ and other simply-laced-cases, periodic quivers Qm(g) appear in [ILP16]
and [IIO19].
3.2. The periodic quiver Qm(g) and Weyl group action. Letm be an integer bigger
than ℓ− 1. We consider the case that the vertex set I of the quiver Q(g) is ‘m-periodic’;
I = Im = {v
i
n; i ∈ S, n ∈ dZ/md
′Z}. We write Qm(g) for this quiver.
By construction, in Qm(g) there are oriented circles Pi,γi ; i ∈ S, γi = 1, 2, . . . , di/d.
When di/d = 1, we write Pi for Pi,1 for simplicity. We present the circles case by case in
the following.
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...
...
...v1n−1 v
2
n−1
v3n−1
v1n v
2
n
v3n
v1n+1 v
2
n+1
v3n+1...
...
...
...
v3
n− 1
2
v2
n− 1
2
v1
n− 1
2
v3
n+ 1
2
v2
n+ 1
2
v1
n+ 1
2
v3
n+ 3
2
v2
n+ 3
2
v1
n+ 3
2
...
...
...
...v4n−1
v4
n− 1
2
v4n
v4
n+ 1
2
v4n+1
v4
n+ 3
2
...
Figure 6. The quiver Q(F4).
...
...
...
...
v1n−1
v1n
v1n+1
v1n+2
v1n+3
v1n+4
v1n+5
v1n+6
v1n+7
v2n−3
v2n
v2n+3
v2n+6
v2n−2
v2n+1
v2n+4
v2n+7
v2n−1
v2n+2
v2n+5 ...
...
...
...
Figure 7. The quiver Q(G2)
The case of Aℓ, Dℓ and E6,7,8. In the cases of g of simply-laced Dynkin diagram, we
have ℓ circles as
Pi : v
i
1 → v
i
2 → · · · → v
i
m → v
i
1 (3.1)
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for i ∈ S.
The case of Bℓ. The vertex set of Qm(Bℓ) is I = {v
i
n; i ∈ S, n ∈
1
2
Z/mZ} and we have
2ℓ− 1 circles in total:
Pi,1 : v
i
1 → v
i
2 → · · · → v
i
m → v
i
1,
Pi,2 : v
i
1
2
→ vi3
2
→ · · · → vi
m− 1
2
→ vi1
2
(3.2)
for i = 1, . . . , ℓ− 1, and
Pℓ : v
ℓ
1
2
→ vℓ1 → v
ℓ
3
2
→ vℓ2 → · · · → v
ℓ
m− 1
2
→ vℓm → v
ℓ
1
2
. (3.3)
The case of Cℓ. The vertex set of Qm(Cℓ) is I = {v
i
n; i ∈ S, n ∈ Z/2mZ}, and we have
ℓ+ 1 circles:
Pi : v
i
1 → v
i
2 → · · · → v
i
2m → v
i
1 (3.4)
for i = 1, . . . , ℓ− 1, and
Pℓ,k : v
ℓ
k → v
ℓ
k+2 → · · · → v
ℓ
k+2m−2 → v
ℓ
k; k = 1, 2. (3.5)
The case of F4. The vertex set of Qm(F4) is I = {v
i
n; i ∈ S, n ∈
1
2
Z/mZ}, and we have
6 circles: Pi,1 and Pi,2 as (3.2) for i = 1, 2, and Pi as (3.3) for i = 3, 4.
The case of G2. The vertex set of Qm(G2) is I = {v
i
n; i ∈ S, n ∈ Z/3mZ}, and we have
4 circles:
P1 : v
1
1 → v
1
2 → · · · → v
1
3m → v
1
1
P2,k : v
2
k → v
2
k+3 → v
2
k+6 → · · · → v
2
k+3m−3 → v
2
k; k = 1, 2, 3.
For an oriented circle P of length p as v1 → v2 → · · · → vp → v1, define a sequence of
mutation M(P ) := µp−2 · · ·µ2µ1 and
R(P ) := M(P )−1 ◦ (vp−1, vp) ◦ µpµp−1 ◦M(P ). (3.6)
Here µk is the mutation at vertex vk, and (vp−1, vp) ∈ Sp interchanges vertices vp−1 and
vp. Also define a polynomial fX(P, vn) in the X-variables on P :
fX(P, vn) := 1 +
p−2∑
k=0
XnXn−1 · · ·Xn−k; vn ∈ P.
Proposition 3.2. The mutation sequence R(Pi,γi) preserves the quiver Qm(g).
This is obtained as a corollary of [GS16, Theorem 7.7].
Theorem 3.3. The action of R(Pi,γi) on the seed (Qm(g),X,A) induces the following
action R(Pi,γi)
∗ on C(X) and C(A).
(1) The action on C(X) when di ≥ dj is
R(Pi,γi)
∗(Xjn) =

fX(i, n)
Xjn−di fX(i, n− 2di)
i = j, vin ∈ Pi,γi,
Xjn
X in−difX(i, n− 2di)
fX(i, n− di)
vjn ← v
i
n, v
i
n ∈ Pi,γi,
Xjn
X infX(i, n− di)
fX(i, n)
vjn → v
i
n, v
i
n ∈ Pi,γi,
Xjn otherwise,
(3.7)
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where we write fX(i, n) for fX(Pi,γi; v
i
n) for v
i
n ∈ Pi,γi without confusion. When
di < dj, non-trivial actions are
R(Pi)
∗(Xjn) =

Xjn
X in−1X
i
n− 1
2
fX(i, n−
3
2
)
fX(i, n−
1
2
)
(i, j) =
{
(ℓ, ℓ− 1) for Bℓ,
(3, 2) for F4,
Xℓn
Xℓ−1n X
ℓ−1
n+1fX(ℓ− 1, n− 1)
fX(ℓ− 1, n+ 1)
(i, j) = (ℓ− 1, ℓ) for Cℓ,
X2n
X1nX
1
n+1X
1
n+2fX(1, n− 1)
fX(1, n+ 2)
(i, j) = (1, 2) for G2.
(3.8)
(2) The action on C(A) is
R(Pi,γi)
∗(Ajn) =
{
fA(i, γi)A
j
n i = j, v
i
n ∈ Pi,γi,
Ajn otherwise,
(3.9)
where
fA(i, γi) =
∑
n:vin∈Pi,γi
1
AinA
i
n+di
∏
j:i⊳j
Ajn ·
∏
j:i⊲j
Ajn+di,
for all cases, except for i = ℓ for Bℓ, i = ℓ− 1 for Cℓ, i = 3 for F4, and i = 2 for
G2. Here j ⊳ i means that j < i and Cij 6= 0. For the exceptional cases, fA(i, 1)
is set to be
fA(i, 1) =

∑
n:vℓn∈Pℓ
Aℓ−1
n+ 1
2
Aℓ−1n+1
AℓnA
ℓ
n+ 1
2
i = ℓ; Bℓ,
∑
n:vℓ−1n ∈Pℓ−1
Aℓ−2n+1A
ℓ
nA
ℓ
n−1
Aℓ−1n A
ℓ−1
n+1
i = ℓ− 1; Cℓ,
∑
n:v3n∈P3
A2
n+ 1
2
A2n+1A
4
n
A3nA
3
n+ 1
2
i = 3;F4,
∑
n:v1n∈P1
A2nA
2
n−1A
2
n−2
A1nA
1
n+1
i = 1; G2.
This theorem follows from the next lemma.
Lemma 3.4. Let Q be a quiver including an oriented circle P as v1 → v2 → . . .→ vp →
v1 and a vertex va with two arrows va → v1 and vk → va for some 1 ≤ k ≤ p. Then
a mutation sequence R(P ) preserves Q and induces the action on C(X) and C(A) as
follows:
R(P )∗(Xn) =

fX(P, vn)
Xn−1 fX(P, vn−2)
vn ∈ P,
XaX1X2 . . .Xk−1
fX(P, vp)
fX(P, vk−1)
n = a,
R(P )∗(An) =
{
AnfA(P ) vn ∈ P,
Aa n = a.
Here we define
fA(P ) :=
k−1∑
j=1
Aa
AjAj+1
+
p∑
j=k
1
AjAj+1
. (3.10)
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Proof. The claim for Xn of vn ∈ P is well known (see for example [Bu14, ILP16, GS16]).
The claims for Xa and An are essentially shown in [GS16, Theorem 7.7], for which we
present the proof for self-consistency.
The case of Xn = Xa is shown by induction in the same manner as [MOT19]. When
p = 2, it is easy to check the claim. Assume the claim for p ≥ L − 1. When p = L,
note that a quiver Q′ := µ1(Q) contains a smaller oriented circle P
′ : v2 → v3 → · · · →
vL → v2 and va is connetced with P
′ by two arrows va → v2 and vk → va. We factorize
the sequense of mutation R(P ) as R(P ) = µ1 ◦R(P
′) ◦ µ1, and consider the sequence of
X-seeds:
(Q,X)
µ1
7→ (Q′,X′)
R(P ′)
7→ (Q′,X′′)
µ1
7→ (Q,X′′′).
By the assumption, we have
X ′′a = R(P
′)∗(X ′a) = X
′
aX
′
2X
′
3 · · ·X
′
k−1
fX′(P
′, vL)
fX′(P ′, vk−1)
.
On the other hand, from the above sequence of seeds we obtain
X ′i =

X−11 i = 1,
X2(1 +X1) i = 2,
Xi(1 +X
−1
1 )
−1 i = L, a,
Xi otherwise,
X ′′1 = (X
′′′
1 )
−1 =
XLfX(P, vL−1)
fX(P, v1)
.
Thus by direct calculations, we obtain fX′(P
′, vL) = fX(P, v1)/(1 +X1), fX′(P
′, vk−1) =
fX(P, vk−1), and
X ′′′a = X
′′
a (1 +X
′′
1 )
= Xa(1 +X
−1
1 )
−1X2(1 +X1)X3 · · ·Xk−1
fX(P, v1)
(1 +X1)fX(P, vk−1)
(
1 +
XLfX(P, vL−1)
fX(P, v1)
)
= XaX1X2 · · ·Xk−1
fX(P, vL)
fX(P, vk−1)
,
which completes the induction.
The claim for An of vn ∈ P is shown by slightly modifying the way in [ILP16]. Consider
a sequence of A-seeds:
(Q,A)
M(P )
7→ (Q[p− 2],A[p− 2])
µpµp−1
7→ (Q[p],A[p]).
We inductively obtain that
An[p− 2] =
An+1
A1
+ Aa
k−1∑
j=1
An+1Ap
AjAj+1
+
p−2∑
j=k
An+1Ap
AjAj+1
; n = 1, 2, . . . , p− 2,
thus we have Ap−1[p] =
Ap−2[p−2]+1
Ap−1
= ApfA(P ) = R(P )
∗(Ap), and also Ap[p] = Ap−1fA(P ) =
R(P )∗(Ap−1). Due to the translation invariance of the action of R(P ), the claim fol-
lows. 
Remark that when di/d > 1, R(Pi,γi) for γi = 1, · · · , di/d are mutually commutative.
We define Ri := R(Pi,1) ◦R(Pi,2) ◦ · · · ◦R(Pi,di/d) for i ∈ S.
Proposition 3.5. For a seed (Q(g),X,A), let p be the positive map from C(A) to C(X)
[FZ07] given by
p∗(X in) =
∏
vjm∈Qm(g)
(Ajm)
ε
vinv
j
m . (3.11)
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Then Ri belongs to the peripheral subgroup of ΓQm(g), i.e. (Ri)
∗p∗(X in) = p
∗(X in) for any
X in.
Proof. The simply-laced cases are already shown in [IIO19, Lemma 3.12]. We give an
alternative proof which works for general g. Note that ξin := A
i
n−di
/Ain ∈ C(A) is
invariant under the action of any Rj . Write C(ξ) for the subfield of C(A) generated by
the ξin. It holds that p
∗(X in) belongs to C(ξ), since for a circle Pj,k in the quiver Qm(g)
and the vertex vin we have only two possibilities:
(i) there is no arrow among Pj,k and v
i
n,
(ii) there is only two arrows among Pj,k and v
i
n such that v
j
m → v
i
n and v
j
m′ ← v
i
n for
some vjm, v
j
m′ ∈ Pj,k.
Thus the claim follows. 
From Theorem 3.3 the following is obtained.
Corollary 3.6. Let Ptrop(u) be the tropical semifield of rank |I|, where u = (u
i
n; v
i
n ∈ I).
For i ∈ S and a tropical X-seed (Qm(g),x) where all x
i
n for n ∈ dZ/d
′mZ have positive
tropical sign, the tropical action Rtropi is expressed as follows: when di ≥ dj,
(Rtropi )
∗(xjn) =

(xin−di)
−1 j = i,
xjnx
i
n−di
vjn ← v
i
n,
xjnx
i
n v
j
n → v
i
n,
xjn otherwise,
(3.12)
and when di < dj,
(Rtropi )
∗(xjn) =

xjnx
i
n−1x
i
x− 1
2
(i, j) =
{
(ℓ, ℓ− 1) for Bℓ,
(3, 2) for F4,
xℓnx
ℓ−1
n x
ℓ−1
n+1 (i, j) = (ℓ− 1, ℓ) for Cℓ,
x2nx
1
nx
1
n+1x
1
n+2 (i, j) = (1, 2) for G2,
xjn otherwise.
(3.13)
Finally we get to the realization of the Weyl group W (g):
Theorem 3.7. (1) The operators Ri; i ∈ S generate an action of the Weyl group
W (g) on the seed. Presicely, we have (RiRj)
mij = 1 for i, j ∈ S.
(2) Let sipsip−1 · · · si1 be a reduces expression of w ∈ W (g). Then R(w) := RipRip−1 · · ·Ri1
is a green sequence for Qm(g). When w is the longest element inW (g), then R(w)
is the maximal green sequence for Qm(g).
Proof. This claim in the case of simply-laced g appeared in [IIO19]. We prove the other
cases. Let P = Ptrop(u) be the tropical semifield of rank |I|. In this proof we write Q for
Qm(g).
(1) Due to Theorem 2.2, it is satisfactory to check the claim for the tropical X-seed
in P. The case of (i, j) as CijCji = 1 (i. e. mij = 3) is done in [ILP16]. The other
cases are checked case by case using Corollary 3.6, and we shall demonstrate the case of
(d1, d2) = (1,
1
2
) for B2 and (d1, d2) = (1, 3) for G2. In the first case, for x = (x
i
n) ∈ X
+
Q (P)
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we have
(x1n, x
2
n)n∈ 1
2
Z/mZ
R∗17−→ ((x1n−1)
−1, x2nx
1
n)
R∗27−→ ((x1n−1)
−1x2n−1x
1
n−1x
2
n− 1
2
x1
n− 1
2
, (x2
n− 1
2
x1
n− 1
2
)−1) = (x2n−1x
2
n− 1
2
x1
n− 1
2
, (x2
n− 1
2
x1
n− 1
2
)−1)
R∗17−→ ((x2n−2x
2
n− 3
2
x1
n− 3
2
)−1, (x2
n− 1
2
x1
n− 1
2
)−1x2n−1x
2
n− 1
2
x1
n− 1
2
) = ((x2n−2x
2
n− 3
2
x1
n− 3
2
)−1, x2n−1)
R∗27−→ ((x2n−2x
2
n− 3
2
x1
n− 3
2
)−1x2n−2x
2
n− 3
2
, (x2
n− 3
2
)−1) = ((x1
n− 3
2
)−1, (x2
n− 3
2
)−1)n∈ 1
2
Z/mZ.
This coincides with (R2R1R2R1)
∗(x1n, x
2
n)n∈Z/2. In the second case of G2, we have
(x1n, x
2
n)n∈Z/3mZ
R∗17−→ ((x1n−1)
−1, x2nx
1
nx
1
n+1x
1
n+2)
R∗27−→ ((x1n−1)
−1x2n−3x
1
n−3x
1
n−2x
1
n−1, (x
2
n−3x
1
n−3x
1
n−2x
1
n−1)
−1)
= (x2n−3x
1
n−3x
1
n−2, (x
2
n−3x
1
n−3x
1
n−2x
1
n−1)
−1)
R∗17−→ ((x2n−4x
1
n−4x
1
n−3)
−1, x2n−2x
1
n−2x
1
n−1x
2
n−1x
1
n)
R∗27−→ (x2n−5x
1
n−5, (x
2
n−5x
1
n−5x
1
n−4x
2
n−4x
1
n−3)
−1)
R∗17−→ ((x2n−6x
1
n−6)
−1, x2n−3)
R∗27−→ ((x1n−6)
−1, (x2n−6)
−1)n∈Z/3mZ,
which coincides with (R2R1R2R1R2R1)
∗(x1n, x
2
n)n∈Z/3mZ.
(2) It is known that each Ri is green [Bu14] (also see the proof of [ILP16, Lemma 7.5]).
Let L(g) = ⊕i∈SZαi be the root lattice, and let L(g)+ be its nonnegative part, i. e.
L(g)+ = ⊕i∈SZ≥0αi. Define an embedding φ : L(g)→ Fun(X
+
Q (P)) given by∑
i∈S
niαi 7→
∏
i∈S
∏
n∈dZ/md′Z
(xin)
ni.
For f ∈ Fun(X+Q (P)), we write f(ξ) for the evaluation of f at ξ ∈ X
+
Q (P). Remark that
v ∈ L(g) belongs to L(g)+ if and only if φ(v)(u) has positive tropical sign.
From Corollary 3.6, we obtain
(Rtropi )
∗(φ(αj)) =
{
φ(αi)
−1 j = i,
φ(αj)φ(αi)
−Cij otherwise.
For a reduced expression sipsip−1 · · · si1 of w ∈ W (g), write w(j) for sij · · · si2si1 for
j = 1, . . . , p. Then, for j = 1, . . . , p− 1 the followings are proved:
(i) φ(w−1(j)αi)(u) = φ(αi)(R
trop(w(j))(u)),
(ii) Rtrop(w(j))(u)
sj+1
n has positive tropical sign for all n ∈ dZ/d′mZ,
in the same manner as [IIO19, Proposition 3.17]. It follows that the embedding φ is
W (g)-equivalent, i. e. Rtrop(w)∗(φ(v)) = φ(w−1v) for v ∈ L(g) and w ∈ W (g).
From (ii), it follows that R(w) is a green sequence. When w is the longest element in
W (g), we have wαi = −αi∗ for i ∈ S, where i
∗ is the image of i by the Dynkin involution
on S. Hence φ(wαi)(u) has negative tropical sign, and it follows that R
trop(w)(u) ∈
X−Q (P). 
Remark 3.8. The mutation sequence R(P ) (3.6) first appeared in [Bu14] in studying
maximal green sequence for an oriented circle P . It is also applied to study the cluster
realization of the geometric R-matrices [ILP16], the cluster realizaion of the Weyl groups
[IIO19], and the higher Teichmu¨ller theory [GS16, IIO19]. When g has non-simply-laced
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Dynkin diagram, Theorem 3.7 gives another cluster realization of the Weyl group than
[IIO19].
3.3. Remark on the case of affine Lie algebras. We naturally extend the infinite
quiver Q(g) to that for the corresponding non-twisted affine Lie algebra gˆ. For the
simply-laced cases gˆ = A
(1)
ℓ , D
(1)
ℓ , E
(1)
6,7,8, Q(gˆ) is defined in the same way as [IIO19]. We
briefly explain the other cases here.
Define Sˆ := S ∪ {0}, and let Iˆ := {vin; i ∈ Sˆ, n ∈ dZ} be the vertex set of Q(gˆ). In
the case of B
(1)
ℓ of ℓ ≥ 3, we add vertices {v
0
n; n ∈
1
2
Z} to Q(Bℓ) with arrows
v0n → v
0
n+1, v
2
n → v
0
n, v
0
n → v
2
n−1; n ∈
1
2
Z.
In the case of C
(1)
ℓ of ℓ ≥ 2, we add vertices {v
0
n; n ∈ Z} to Q(Cℓ) with arrows
v0n → v
0
n+2, v
1
n → v
0
n, v
0
n → v
1
n−2; n ∈ Z.
When ℓ = 2, we identify Q(B
(1)
2 ) with Q(C
(1)
2 ). In the case of F
(1)
4 , we add vertices
{v0n; n ∈
1
2
Z} to Q(Bℓ) with arrows
v0n → v
0
n+1, v
1
n → v
0
n, v
0
n → v
1
n−1; n ∈
1
2
Z.
Finally, in the case of G
(1)
2 we add vertices {v
0
n; n ∈ Z} to Q(G2) with arrows
v0n → v
0
n+3, v
2
n → v
0
n, v
0
n → v
2
n−3; n ∈ Z.
We further define the m-periodic quiver Qm(gˆ) of the vertex set Iˆ = {v
i
n; i ∈ Sˆ, n ∈
dZ/d′m}, in the same manner as Qm(g). In Qm(gˆ) we have new circles P0,k and mutation
sequences R(P0,k) for k = 1, . . . , d
′/d. Then the generators of the Weyl group W (gˆ) ⊂
ΓQm(gˆ) are obtained by adding R0 :=
∏d′/d
k=1R(P0,k) to those of W (g).
Remark that for the dual g∨ of g, whose Cartan matrix is the transpose of C, the
infinite quivers, the m-periodic quivers and the Weyl group actions are defined similarly.
This is the same for gˆ∨.
4. Application to the q-characters
After recalling the basic notions of the q-characters in §4.1, we first present our results
in the simplest case of g = Aℓ, and next explain the case of general g.
4.1. q-characters of finite dimensional representations of Uq(gˆ). We briefly re-
call the notion of the q-character and some related topics following [FR98, FR99]. We
continue to use the notations in §2.2. Let gˆ be the non-twisted affine Lie algebra cor-
responding to g, and Uq(gˆ) be the quantum affine algebra. For a while we assume that
q ∈ C× is not a root of unity.
The q-characters. Write RepUq(gˆ) for the Grothendieck ring of the category of the
finite dimensional representation of Uq(gˆ) with homomorphisms of Uq(gˆ)-modules. The
q-character is given as a ring homomorphism:
χq : RepUq(gˆ)→ Y := Z[Y
±1
i,ai
]i∈S,ai∈C× ⊂ Uq(h˜[[z]]).
See [FR99, Section 3] for the definition of h˜ and the explicit form of Yi,a.
For each i ∈ S and a ∈ C×, there is a unique irreducible representation Vωi(a) ∈
RepUq(gˆ), called the ith fundamental representation [CP94]. When we restrict this
representation to Uq(g) ⊂ Uq(gˆ), it has the highest weight ωi. An important fact is that
any irreducible finite-dimensional representation of Uq(gˆ) is isomorphic to a quotient of
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the submodule of the tensor product of the fundamental representations [CP94, Corollary
1.4]. It is conjectured in [FR99] and proved in [FM99] that the image of χq is equal to⋂
i∈S
(
Z[Y ±1j,a ]j 6=i,a∈C× ⊗ Z[Yi,b(1 + A
−1
i,bqi
)]b∈C×
)
, (4.1)
where
Ai,a = Yi,aqiYi,aq−1i
∏
j:Cji=−1
Y −1j,a
∏
j:Cji=−2
Y −1j,aqjY
−1
j,aq−1j
∏
j:Cji=−3
Y −1
j,aq2j
Y −1j,a Y
−1
j,aq−2j
, (4.2)
with qi = q
di .
Remark 4.1. When q is a root of unity ε as εn = 1, the q-character map χq gives the
character map χε : RepU
res
ε (gˆ) → Z[Y
±1
i,ai
]i∈S,ai∈C× by setting q to be ε [FM01, Thorem
3.2].
We note that the rational functional fields C(Yi,a; i ∈ S, a ∈ C
×) and C(Ai,a; i ∈ S, a ∈
C×) have Poisson structure [FR98, Appendix A]:
{Ai,a, Aj,b} = Bij(
a
b
)Ai,aAj,b, (4.3)
{Yi,a, Yj,b} = Mij(
a
b
) Yi,aYj,b, (4.4)
where
Bij(z) =
∑
m∈Z
Bq
m
ij z
m = δ(qBijz)− δ(q−Bijz),
Mij(z) =
∑
m∈Z
(
Dq
m
(Bq
m
)−1Dq
m)
ij
zm.
Here we set δ(z) =
∑
m∈Z z
m, and matrices Bq = (Bqij)i,j∈I and D
q = (Dqij)i,j∈I are
defined as
Bqij = q
Bij − q−Bij , Dqij = δij(q
di − q−di).
Screening operators. Following [FR99, §7] we introduce the screening operators which
appears in the q-deformation of the W-algebras for g. For i ∈ S, define linear operators
Si given by
Si : Y → YSi := ⊕b∈C×Y ⊗ Si,b; Yj,a 7→ δi,jYi,aSi,a (4.5)
and the Leibniz rule: Si · (fg) = (Si ·f)g+f(Si ·g). The operators Si are called screening
operators. We consider the quotient YS′i of YSi with relations
Si,aq2i = Ai,aqiSi,a. (4.6)
The q-deformed W-algebra for g is defined as the intersection of the kernels Ker Si
of Si for i ∈ S. The following is an important theorem which connects the q-characters
and q-deformed W-algebras.
Theorem 4.2 (Conjectured in [FR99] and proved in [FM99]). The image of the character
map χq equals the intersection of Ker Si for i ∈ S.
Remark 4.3. It is easy to see that Yi,b(1 + A
−1
i,bqi
) belongs to Ker Si, by using (4.2) and
(4.6). As the corollary of the above theorem, the q-deformed W-algebra is generated by
the q-characters of the fundamental representation Vωi(a).
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4.2. Correspondence of the q-deformation and the lattice: the case of g = Aℓ.
For a ∈ C×/qZ, define a rational functional field
Ya,q := C(Yi,aq2n+i−1 ; i ∈ S, n ∈ Z). (4.7)
Remark that the variables Ai,aq2n+i (4.2) belongs to Ya,q;
Ai,aq2n+i =
Yi,aq2n+i−1Yi,aq2n+i+1
Yi−1,aq2n+iYi+1,aq2n+i
,
where Y0,aq2n−1 = Yℓ+1,aq2n+ℓ = 1 for n ∈ Z. Write Aa,q for the subfield of Ya,q generated
by Ai,aq2n+i ; i ∈ S, n ∈ Z.
We introduce commuting variables yi(n) on a lattice (i, n) ∈ S × Z, and define a
rational functional field C(y) := C(yi(n); i ∈ S, n ∈ Z). Further we define ai(n) ∈ C(y)
by
ai(n) =
yi(n)yi(n+ 1)
yi−1(n+ 1)yi+1(n)
for i ∈ S and n ∈ Z, where we set y0(n) = yℓ+1(n) = 1 for n ∈ Z. Let φa be an
isomorphism of the rational functional fields given by
φa : Ya,q → C(y); Yi,aq2n+i−1 7→ yi(n). (4.8)
It is easy to see that φa(Ai,aq2n+i) = ai(n) which gives an isomorphism between rational
functional subfields Aa,q and C(a) := C(ai(n); i ∈ S, n ∈ Z).
Further, we shall transform the (log-canonical) Poisson structure (4.3) on Aa,q to that
on C(a) by transforming δ(qm) into δm,0 with φa, precisely,
{Ai,aq2n+i , Aj,aq2n′+j} =
(
δ(qBij+(2n+i)−(2n
′+j))− δ(q−Bij+(2n+i)−(2n
′+j))
)
Ai,aq2n+iAj,aq2n′+j
is transformed into
{ai(n), aj(n
′)} =
(
δBij+(2n+i)−(2n′+j) − δ−Bij+(2n+i)−(2n′+j)
)
ai(n)aj(n
′). (4.9)
Thus in the current case of g = Aℓ, the Poisson structure on C(a) is obtained as
{ai(n), ai(n
′)} = (δn′,n+1 − δn′,n−1)ai(n)ai(n
′); i ∈ S,
{ai(n), ai+1(n
′)} = (δn′,n−1 − δn′,n)ai(n)ai+1(n
′); i ∈ S \ {ℓ}
and the others are Poisson commutative. On the other hand, the exchange matrix of the
infinite quiver Q(g) is expressed as
εvin,vin′
= δn′,n+1 − δn′,n−1; i ∈ S,
εvin,vi+1n′
= δn′,n−1 − δn′,n; i ∈ S \ {ℓ},
and the others are zero. Thus we obtain the following:
Proposition 4.4 (Cf. [IH00, I02]). Let C(X) be the rational functional field generated by
the X-variables for the infinite quiver Q(Aℓ), equipped with the Poisson structure (2.4).
Define an isomorphism of rational functional fields β : C(X)→ C(a) by X in 7→ ai(n)
−1.
Then β is a Poisson map.
Remark 4.5. There is another Poisson isomorphism map β ′ : C(X) → C(a) given by
X in 7→ ai(n), since the log-canonical Poisson bracket is invariant under an inverse trans-
formation of variables; {x, y} = εxy ⇔ { 1
x
, 1
y
} = ε 1
x
1
y
.
Remark 4.6. The map φa (4.8) already appeared in [I02] for a general g, from the view
point of the lattice W-algebra and the lattice Toda field theory. Except for the aspect
of cluster algebras, what presented in this subsection and §4.4 is based on [IH00, I02].
The variable βin there corresponds to X
i
n here.
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4.3. Weyl group action on C(y): g = Aℓ. We set q to be a root of unity, ε
2m = 1,
with a positive integer m bigger than ℓ − 1. This setting corresponds to periodicity in
Ya,ε; Yi,aεn+2m = Yi,aεn. Equivalently, we assume periodicity: yi(n+m) = yi(n) in C(y),
and ai(n +m) = ai(n) in C(a).
For i ∈ S, we define rational maps ri on C(y) given by
ri(yj(n)) =

fy(i, n− 2)
fy(i, n− 1)
yi−1(n)yi+1(n− 1)
yi(n− 1)
j = i,
yj(n) j 6= i,
(4.10)
where fy(i, n) := 1 +
∑m−2
k=0 (ai(n)ai(n− 1) · · · ai(n− k))
−1.
Theorem 4.7. Let C(X) be the rational functional field generated by the X-variables
for the quiver Qm(Aℓ). The following diagram is commutative:
C(X)
β
//
R∗i

C(a) ⊂
ri|C(a)

C(y)
ri

C(X)
β
// C(a) ⊂ C(y)
(4.11)
for i ∈ S. The rational maps ri (4.10) for i ∈ S generate the action of W (Aℓ) on C(y).
Proof. To see the commutativity, we calculate ri(aj(n)):
ri(aj(n)) = ri
(
yj(n)yj(n+ 1)
yj−1(n + 1)yj+1(n)
)
=

fy(i,n−2)yi−1(n)yi+1(n−1)
fy(i,n−1)yi(n−1)
fy(i,n−1)yi−1(n+1)yi+1(n)
fy(i,n)yi(n)
yi−1(n+1)yi+1(n)
= fy(i,n−2)
fy(i,n)ai(n−1)
j = i,
yi+1(n)yi+1(n+1)
fy(i,n−1)yi−1(n+1)yi+1(n)
fy(i,n)yi(n)
yi+2(n)
= ai+1(n)ai(n)fy(i,n)
fy(i,n−1)
j = i+ 1,
yi−1(n)yi−1(n+1)
yi−2(n+1)
fy(i,n−2)yi−1(n)yi+1(n−1)
fy(i,n−1)yi(n−1)
= ai−1(n)ai(n−1)fy(i,n−1)
fy(i,n−2)
j = i− 1,
aj(n) otherwise.
Thus it follows that ri(β(X
j
n)) = β(R
∗
i (X
j
n)), using β(fX(i, n)) = fy(i, n).
Next we check that riri+1ri(yj(n)) = ri+1riri+1(yj(n)) holds. Due to Theorem 3.7 it
holds that non-trivial identities
R∗iR
∗
i+1R
∗
i (X
j
n) = R
∗
i+1R
∗
iR
∗
i+1(X
j
n)
for j = i, i± 1, i+ 2, which are equivalent to
R∗i
(
fX(i+ 1, n− 3)
fX(i+ 1, n− 2)
R∗i+1
(
fX(i, n− 2)
fX(i, n− 1)
))
=
fX(i+ 1, n− 3)
fX(i+ 1, n− 2)
R∗i+1
(
fX(i, n− 2)
fX(i, n− 1)
)
,
(4.12)
R∗i+1
(
fX(i, n− 1)
fX(i, n)
R∗i
(
fX(i+ 1, n− 1)
fX(i+ 1, n)
))
=
fX(i, n− 1)
fX(i, n)
R∗i
(
fX(i+ 1, n− 1)
fX(i+ 1, n)
)
.
(4.13)
On the other hand, we have
riri+1ri(yi(n)) =
yi−1(n)yi+2(n− 2)
yi+1(n− 2)
ri
(
fy(i+ 1, n− 3)
fy(i+ 1, n− 2)
ri+1
(
fy(i, n− 2)
fy(i, n− 1)
))
,
ri+1riri+1(yi(n)) =
yi−1(n)yi+2(n− 2)
yi+1(n− 2)
fy(i+ 1, n− 3)
fy(i+ 1, n− 2)
ri+1
(
fy(i, n− 2)
fy(i, n− 1)
)
.
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Then riri+1ri(yi(n)) = ri+1riri+1(yi(n)) follows from (4.12) via β. In the same manner,
riri+1ri(yi+1(n)) = ri+1riri+1(yi+1(n)) follows from (4.13). For the other j it holds that
riri+1ri(yj(n)) = ri+1riri+1(yj(n)) = yj(n), and the claim follows. 
4.4. Correspondence of the q-deformation and the lattice: the case of general
g. For a generic q and a ∈ C×/qdZ, define a rational functional field Ya,q:
Ya,q :=

C(Yi,aq2n+i−1 ; i ∈ S, n ∈ Z) g = Aℓ, Cℓ, G2,
C(Yi,aq2n+i−1 ; i = 1, . . . ℓ0, Yi,aq2n+i−2 ; i = ℓ0 + 1, . . . , ℓ;n ∈ Z) g = Dℓ, E6,7,8,
C(Yi,aq2n+i−1 ; i ∈ S \ {ℓ}, Yℓ,aq2n+ℓ−
3
2
;n ∈ Z
2
) g = Bℓ,
C(Yi,aq2n+i−1 ; i = 1, 2, Y3,aq2n+32 , Y4,aq2n+2 ;n ∈
Z
2
) g = F4,
(4.14)
where ℓ0 = ℓ − 2 for Dℓ and , ℓ0 = 3 for E6,7,8. The following lemma is proved case by
case.
Lemma 4.8. If Yi,aqk ∈ Ya,q, then it holds that Ai,aqk+di ∈ Ya,q.
Define Aa,q = C(Ai,aqk+di ; Yi,aqk ∈ Ya,q, i ∈ S, k ∈ dZ), as a subfield of Ya,q. We
introduce commuting variables yi(n) on a lattice (i, n) ∈ S × dZ, and define rational
functional field C(y) := C(yi(n); i ∈ S, n ∈ dZ). Further we define ai(n) ∈ C(y) by
ai(n) =
yi(n)yi(n+ di)
F (i, n)
(4.15)
for i ∈ S and n ∈ dZ, where
F (i, n) =

∏
j:vjn←vin
yj(n+ dj)
∏
j:vjn→vin
yj(n) almost cases,
yi−1(n+ 1)yi+1(n)yi+1(n+
1
2
) i =
{
ℓ− 1 for Bℓ,
2 for F4,
yℓ−1(n+ 1)yℓ−1(n + 2) i = ℓ for Cℓ,
y1(n+ 1)y1(n+ 2)y1(n+ 3) i = 2 for G2.
(4.16)
Let φa : Ya,q → C(y) be an isomorphism of the rational functional fields given by (4.8)
for almost cases, except for
Yi,aq2n+i−2 7→ yi(n) i = ℓ0 + 1 · · · , ℓ for Dℓ, E6,7,8,
Yℓ,2n+ℓ− 3
2
7→ yℓ(n) for Bℓ,
Y
3,aq2n+
3
2
7→ y3(n), Y4,aq2n+2 7→ y4(n) for F4.
By direct calculations, one obtain the following:
Lemma 4.9. If Yi,aqk ∈ Ya,q and φa(Yi,aqk) = yi(n), then φa(Ai,aqk+di ) = ai(n).
We transform the Poisson structure (4.3) on Aa,q to that (4.9) on C(a) in the same
manner as in the case of Aℓ, and obtain the following.
Proposition 4.10 ([IH00, I02]). The Poisson structure on C(a) is obtained as
{ai(n), ai(n
′)} = (δn′,n+di − δn′,n−di)ai(n)ai(n
′),
{ai(n), aj(n
′)} = (δn′,n+Bij − δn′,n)ai(n)aj(n
′); i < j, di ≤ dj,
{ai(n), aj(n
′)} = (δ
n′,n+
Bij
2
− δ
n′,n−
Bij
2
)ai(n)aj(n
′); i < j, di > dj,
and the others are Poisson commutative.
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Finally, in the same manner as Proposition 4.4, we prove the following.
Proposition 4.11. Let C(X) be the rational functional field generated by the X-variables
for the quiver Q(g), equipped with the Poisson structure (2.4). An isomorphism of ra-
tional functional fields β : C(X)→ C(a) given by X in 7→ ai(n)
−1 is a Poisson map.
4.5. Weyl group action on C(y): the case of general g. We consider the case that
q is a root of unity, ε2d
′m = 1, where m is a positive integer bigger than ℓ − 1. This
corresponds to periodicity in Ya,ε; Yi,aεn+2 = Yi,aεn. Equivalently, we assume periodicity:
yi(n+ d
′m) = yi(n) in C(y), and also in C(a).
For i ∈ S, we define rational maps ri on C(y) by
ri(yj(n)) =

fy(i, n− 2di)
fy(i, n− di)
F (i, n− di)
yi(n− di)
j = i,
yj(n) j 6= i,
(4.17)
where F (i, n) is defined at (4.16). We set
fy(i, n) := 1 +
d′m
di
−2∑
k=0
(ai(n)ai(n− di) · · ·ai(n− dik))
−1.
Theorem 4.12. Let C(X) be the rational functional field generated by the X-variables
for the quiver Qm(g). Then the diagram (4.11) is commutative for i ∈ S. The rational
maps ri (4.17) generate the action of W (g) on C(y).
Proof. Note that (4.17) is written as ri(yi(n)) =
fy(i,n−2di)
fy(i,n−di)
yi(n)
ai(n−di)
, and that F (i, n) (4.16)
does not include any yi(k). For i ∈ S, we have
ri(ai(n)) =
ri(yi(n)yi(n + di))
F (i, n)
=
fy(i, n− 2di)
fy(i, n− di)ai(n− di)
fy(i, n− di)
fy(i, n)ai(n)
ai(n) =
fy(i, n− 2di)
fy(i, n)ai(n− di)
.
For (i, j) such that i 6= j and di ≥ dj, we have
ri(aj(n)) =

yj(n)yj(n+ di)
ri(yi(n + di))F (i, n)
yi(n+ di) =
fy(i, n)
fy(i, n− di)
ai(n)aj(n) v
j
n ← v
i
n,
yj(n)yj(n+ di)
ri(yi(n))F (i, n)
yi(n) =
fy(i, n− di)
fy(i, n− 2di)
ai(n− di)aj(n) v
j
n → v
i
n.
Thus it follows that
β(R∗i (X
j
n)) = ri(β(X
j
n)) (4.18)
for i = j, and for i 6= j and di ≥ dj. In the same manner, we can show (4.18) in the case
of di < dj , too. Then the commutativity of the diagram (4.11) is proved.
To prove the second claim, it is satisfactory to show
(i) (rℓrℓ−1)
2(yj(n)) = (rℓ−1rℓ)
2(yj(n)) for j = ℓ− 1, ℓ in the case of Cℓ,
(ii) (r2r1)
3(yj(n)) = (r1r2)
3(yj(n)) for j = 1, 2 in the case of G2.
(i): The non-trivial relations
(R∗ℓR
∗
ℓ−1)
2(Xjn) = (R
∗
ℓ−1R
∗
ℓ)
2(Xjn); j = ℓ− 2, ℓ− 1, ℓ (4.19)
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are equivalent to
R∗ℓ
(
fX(ℓ− 1, n− 4)
fX(ℓ− 1, n− 3)
R∗ℓ−1
(
fX(ℓ, n− 5)
fX(ℓ, n− 3)
R∗ℓ
(
fX(ℓ− 1, n− 2)
fX(ℓ− 1, n− 1)
)))
=
fX(ℓ− 1, n− 4)
fX(ℓ− 1, n− 3)
R∗ℓ−1
(
fX(ℓ, n− 5)
fX(ℓ, n− 3)
R∗ℓ
(
fX(ℓ− 1, n− 2)
fX(ℓ− 1, n− 1)
))
,
(4.20)
R∗ℓ−1
(
fX(ℓ, n− 5)
fX(ℓ, n− 3)
R∗ℓ
(
fX(ℓ− 1, n− 3)
fX(ℓ− 1, n− 1)
R∗ℓ−1
(
fX(ℓ, n− 4)
fX(ℓ, n− 2)
)))
=
fX(ℓ, n− 5)
fX(ℓ, n− 3)
R∗ℓ
(
fX(ℓ− 1, n− 3)
fX(ℓ− 1, n− 1)
R∗ℓ−1
(
fX(ℓ, n− 4)
fX(ℓ, n− 2)
))
.
(4.21)
In precisely, (4.20) is equivalent to (4.19) of j = ℓ − 2, (4.20) and (4.19) of j = ℓ − 1
gives (4.21), and (4.19) of j = ℓ is obtained from (4.20) and (4.21). On the other hand,
we have
(rℓ−1rℓ)
2(yℓ(n)) =
1
yℓ(n− 3)
fy(ℓ, n− 5)
fy(ℓ, n− 3)
rℓ
(
fy(ℓ− 1, n− 3)
fy(ℓ− 1, n− 1)
rℓ−1
(
fy(ℓ, n− 4)
fy(ℓ, n− 2)
))
,
(rℓrℓ−1)
2(yℓ(n)) =
1
yℓ(n− 3)
rℓ−1
(
fy(ℓ, n− 5)
fy(ℓ, n− 3)
rℓ
(
fy(ℓ− 1, n− 3)
fy(ℓ− 1, n− 1)
rℓ−1
(
fy(ℓ, n− 4)
fy(ℓ, n− 2)
)))
.
Then (rℓrℓ−1)
2(yℓ(n)) = (rℓ−1rℓ)
2(yℓ(n)) follows from (4.21). In the same way, (rℓrℓ−1)
2(yℓ−1(n)) =
(rℓ−1rℓ)
2(yℓ−1(n)) follows from (4.20).
(ii): We shall consider the quiver Q′ := Qm(G
(1)∨
2 ), obtained from Qm(G2) by adding
a circle P0 : v
0
1 → v
0
2 → · · · v
0
3m → v
0
1 and arrows v
1
n → v
0
n, v
0
n → v
1
n−1 for n ∈ Z. As
remarked in §3.3, the Weyl group action W (G
(1)∨
2 ) ⊂ ΓQ′ is obtained. The non-trivial
relations on X for Q′ generated by W (G2) ⊂W (G
(1)∨
2 ) are given by
(R∗1R
∗
2)
3(Xjn) = (R
∗
2R
∗
2)
3(Xjn); j = 0, 1, 2, (4.22)
and these are equivalent to the following relations among the functions f in := fX(i, n)
for i = 1, 2:
R∗2
(
f 1n−7
f 1n−6
R∗1
(
f 2n−9
f 2n−6
R∗2
(
f 1n−5
f 1n−3
R∗1
(
f 2n−7
f 2n−4
R∗2
(
f 1n−2
f 1n−1
)))))
=
f 1n−7
f 1n−6
R∗1
(
f 2n−9
f 2n−6
R∗2
(
f 1n−5
f 1n−3
R∗1
(
f 2n−7
f 2n−4
R∗2
(
f 1n−2
f 1n−1
))))
,
(4.23)
f 2n−9
f 2n−6
R∗2
(
f 1n−5f
1
n−6
f 1n−3f
1
n−7
R∗1
(
f 2n−6f
2
n−7
f 2n−4f
2
n−9
R∗2
(
f 1n−2f
1
n−3
f 1n−1f
1
n−5
R∗1
(
f 2n−4
f 2n−7
R∗2
(
f 1n
f 1n−2
)))))
=
f 1n−5
f 1n−7
R∗1
(
f 2n−5
f 2n−8
R∗2
(
f 1n−2f
1
n−6
f 1n−4f
1
n−5
R∗1
(
f 2n−3f
2
n−8
f 2n−5f
2
n−6
R∗2
(
f 1nf
1
n−4
f 1n−1f
1
n−2
R∗1
(
f 2n−6
f 2n−3
)))))
.
(4.24)
Actually, (4.23) and (4.24) are respectively equivalent to (4.22) of j = 0 and j = 1.
By combining (4.23) and (4.24) we obtain (4.22) of j = 2. Note that (4.23) and (4.24)
include no X0n. Further, one sees that (r1r2)
3(y1(n)) = (r2r1)
3(y1(n)) follows from (4.23),
and (r1r2)
3(y2(n)) = (r2r1)
3(y2(n)) follows from (4.23) and (4.24). 
4.6. Invariance of Imχq. In the following we identify ai(n) with (X
i
n)
−1 and fy(i, n)
with fX(i, n), in C(y) via the map β. For a generic q corresponding to the infinite quiver
Q(g), from Lemma 4.9 it follows that for Yi,aqk ∈ Ya,q we have φa(Yi,aqk(1+A
−1
i,aqk+di
)) =
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yi(n)(1 +X
i
n) for some n ∈ dZ. Thus we have φa(Imχq ∩Ya,q) equal to
Yχq :=
⋂
i∈S
Z[yj(n)
±; j 6= i, n ∈ dZ]⊗ Z[yi(n)(1 +X
i
n);n ∈ dZ].
Next we consider the case that q is a root of unity, ε2md
′
= 1, which corresponds to
the periodic quiver Qm(g). Due to Remark 4.1, we have φa(Imχε ∩Ya,ε) equal to
Yχε :=
⋂
i∈S
Z[yj(n)
±; j 6= i, n ∈ dZ/d′mZ]⊗ Z[yi(n)(1 +X
i
n);n ∈ dZ/d
′mZ].
Proposition 4.13. Yχε is invariant under the action of W (g).
Proof. It is satisfactory to check that yi(n)(1 +X
i
n) is an invariance of ri. By using an
identity:
fX(i, n+ di) +X
i
nfX(i, n− di) = (1 +X
i
n+di
)fX(i, n), (4.25)
which can be checked easily, we obtain
ri
(
yi(n)(1 +X
i
n)
)
=
fX(i, n− 2di)
fX(i, n− di)
Xn−diyi(n)
(
1 +
fX(i, n)
X in−difX(i, n− 2di)
)
=
yi(n)
fX(n− di)
(X in−difX(i, n− 2di) + f(n))
(4.25)
= yi(n)(1 +X
i
n).

Now we come back to the case of generic q, and consider an analogue of the map
ri. Define C[y
±] := C[yi(n), yi(n)
−1; i ∈ S, n ∈ dZ], and let IX be the ideal of C[y
±]
generated by X in for i ∈ S, n ∈ dZ. We write ĈX(y) for the quotient field of the
completion of C[y±] given by lim←(C[y
±]/IkX). For (i, n) ∈ S×dZ, we define an ‘infinite’
version of fX(i, n) as a formal power series in the X
i
n:
fˆX(i, n) = 1 +
∞∑
k=0
X inX
i
n−di
· · ·X in−kdi.
For i ∈ S define a map rˆi : C(y)→ ĈX(y) similarly as (4.17) by
rˆi(yj(n)) =
yi(n)X
i
n−di
fˆX(i, n− 2di)
fˆX(i, n− di)
j = i,
yj(n) j 6= i.
(4.26)
Proposition 4.14. Yχq is invariant under the action of rˆi (i ∈ S).
Proof. It is easy to see that fˆX(i, n) satisfies the similar relation as (4.25):
fˆX(i, n+ di) +X
i
nfˆX(i, n− di) = (1 +X
i
n+di
)fˆX(i, n). (4.27)
The rest is same as the proof of Proposition 4.13. 
Remark 4.15. The maps rˆi are not related to mutation sequences, because we have
no circle on the infinite quiver Q(g) anymore. Moreover they are not extended to the
endomorphism on ĈX(y), thus we cannot naively discuss if rˆi (i ∈ S) are related to the
Weyl group.*1 We wonder if there is any correspondence between rˆi and the screening
operator on the lattice (5.6).
*1 The author thanks Ryo Fujita for pointing out this fact.
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5. Relation with the lattice Toda field theory
5.1. The lattice Toda field. We shall recall the lattice Toda field theory introduced
in [IH00, I02], by combining with the results obtained in the previous sections. For a
finite dimensional simple Lie algebra g, let si(n) be commuting variables on the lattice
(i, n) ∈ S × dZ, satisfying the following Poisson relations:
{si(n), si(m)} = si(n)si(m); n ≡ m(mod di),
{si(n), sj(m)} = −
1
2
si(n)sj(m); Bij 6= 0, n ≡ m (mod min(di, dj)),
{si(n), sj(n)} = −
1
2
si(n)sj(n); i < j, Bij 6= 0,
(5.1)
where we assume n < m. The others are Poisson commutative. Let C(X) be the rational
functional field generated by the X-variables for Q(g). Define C(s) := C(si(n); i ∈
S, n ∈ dZ) and an embedding map σ : C(X)→ C(s) given by
X in =
si(n)
si(n+ di)
. (5.2)
Proposition 5.1 (Cf. [IH00]). The map σ is a Poisson map.
Let H be the Hamiltonian function for the lattice Toda field equation given by
H =
∑
i∈S
Hi; Hi =
∑
n∈dZ
si(n), (5.3)
and define the lattice Toda field equation by ∂
∂t
logX in := {H, logX
i
n}, which is a set of
differential-difference equations:
∂
∂t
logX in =
(∑
j:j<i
−Cji∑
k=1
sj(n + kdij)
)
− si(n)− si(n + di) +
(∑
j:j>i
−Cji−1∑
k=0
sj(n+ kdij)
)
,
(5.4)
where we set dij = min(di, dj).
Remark 5.2. By taking a continuum limit of a coordinate n ∈ dZ with si(n) → si :=
si(z, t), logX
i
n reduces to −di
∂
∂z
log si, and (5.4) reduces to the Toda field equation:
∂2
∂t∂z
log si =
∑
k∈S
Cji
di
sj . (5.5)
On the other hand, for i ∈ S define linear operators Si as a lattice analogue of (4.5):
Si : C(y)→ C(y)i := ⊕n∈dZC(y)⊗ si(n); yj(n) 7→ δi,jyi(n)si(n) (5.6)
with the Leibniz rule. Especially we have Si : yj(n)
−1 7→ −δi,jyj(n)
−1si(n). Let C(y)
′
i be
the quotient of C(y)i with relations
si(n+ di) = ai(n)si(n). (5.7)
By using (4.15) and the Poisson isomorphism β : C(X)→ C(a), we obtain the follow-
ing.
Proposition 5.3 ([I02]). It holds that Si ·X
j
n = {Hi, X
j
n} for i, j ∈ S and n ∈ dZ.
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5.2. Cluster realization of the τ-function. Let τi(n) for (i, n) ∈ S×dZ be a function
in t ∈ R satisfying the bilinear equation:
Dtτi(n) · τi(n+ di) =
∏
j:j<i
−Cij∏
k=1
τj(n+ kdij) ·
∏
j:j>i
−Cij−1∏
k=0
τj(n+ kdij), (5.8)
where Dt is Hirota’s bilinear operator acting on an ordered pair of two functions f and
g as Dtf · g :=
∂f
∂t
g − f ∂g
∂t
. We write Ti(n) for the r.h.s. of (5.8). It is easy to see the
following lemma.
Lemma 5.4 ([IH00]). Set
si(n) =
Ti(n)
τi(n)τi(n+ di)
. (5.9)
Then the X in (5.2) satisfy the lattice Toda field equation (5.4).
Proof. For the self-consistency we present the proof briefly. The bilinear equation (5.8)
is rewritten as
∂
∂t
log
τi(n)
τi(n + di)
= si(n).
From this, it follows that
∂
∂t
log
−Cij∏
k=1
τi(n + kdij)
τi(n+ kdij + di)
=
−Cji∑
k=1
sj(n + kdij),
and we obtain the claim by calculating ∂
∂t
X in using (5.2) and (5.9). 
We call τi(n) the τ -function for the lattice Toda field equation (5.4). We are going
to relate the τ -function τi(n) with the A-variables for the infinite quiver Q(g). Let
C(τ) be the rational functional field generated by τi(n) for (i, n) ∈ S × dZ. For a seed
(Q(g),X,A), recall the positive map p (3.11).
Proposition 5.5. Let φ be a map from C(τ) to C(A) given by τi(n) 7→ A
i
n−di
. Define
a map pτ : C(X)→ C(τ) given as a composition of (5.2) and (5.9). Then the following
diagram is commutative:
C(X)
id.

pτ
// C(τ)
φ

C(X)
p∗
// C(A)
Proof. We have pτ (X
i
n) expressed as
pτ (X
i
n) =
τi(n + 2di)
τi(n)
·

∏
j:j⊳i
τj(n+ dj)
τj(n+ dj + di)
∏
j:j⊲i
τj(n)
τj(n+ di)
almost cases,
τℓ−1(n+
1
2
)
τℓ−1(n+
3
2
)
i = ℓ for Bℓ,
τℓ−2(n+ 1)τℓ(n)
τℓ−2(n+ 2)τℓ(n+ 2)
i = ℓ− 1 for Cℓ,
τ2f(n+
1
2
)τ4(n)
τℓ−1(n+
3
2
)τ4(n +
1
2
)
i = 3 for F4,
τ2(n)
τ2(n + 3)
i = 1 for G2.
(5.10)
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It is easy to check φ ◦ pτ (X
i
n) = p
∗(X in) case by case. For example, in the case of g of a
simply-laced Dynkin diagram, we obtain
φ ◦ pτ (X
i
n) =
Ain+1
Ain−1
∏
j:j⊳i
Ajn
Ajn+1
∏
j:j⊲i
Ajn−1
Ajn
,
which coincides with p∗(X in). Here j ⊳ i is defined at Theorem 3.3. 
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